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MULTISCALE FEM COUPLED WITH THE 
DISCONTINUOUS PETROV GALERKIN METHODOLOGY 

Witold Cecot1, Marta Oleksy1 
1Cracow University of Technology, Poland 

 
Abstract 
The key point of upscaling by the Multiscale Finite Element Method is a prolongation from a coarse to fine 
mesh. We have proposed a strategy for constructing such an operator when the ultra-weak formulation with 
optimal broken test functions is used. Preliminary numerical results confirmed the correctness of this new 
prolongation. 

 

1. Introduction 
The Multiscale Finite Element Method (MsFEM) [1,2] is one of the promising 

methods used for modeling of heterogeneous materials. It neither requires assumption of 
scale separation nor periodicity of micro-structure. Moreover, it may be easily 
parallelized, since the essence of the MsFEM is an evaluation of special macro-scale finite 
element trial (approximating) shape functions that capture the micro-scale details and 
these functions are computed independently in appropriate patches of elements. Although 
the method significantly reduces the computational cost, its efficiency and trustworthiness 
need further improvements. We propose to achieve this goal by coupling the MsFEM with 
the Discontinuous Petrov-Galerkin (DPG) [3] that is a new FEM methodology enabling 
computation of optimal, from convergence point of view, test functions. In the context of 
MsFEM the DPG and preferred for it ultra weak problem formulation will also simplify 
computation of optimal trial functions. 

The important part of the MsFEM upscaling is a construction of the macro to 
micro scale grid prolongation operator that similarly as for the multigrid iterative solvers 
for heterogeneous materials [4] has to be constructed by the solution of certain auxiliary 
local boundary value problems in order to incorporate the fine scale properties to the 
macroscale model.  

2. Formulation of the problem 
We consider the linear elasticity problem with continuous or non-continuous, fast varying 
material parameter tensor. The problem reads:  
find 32,1,:)( ornRxu n   such that 

 
This classical problem may be analyzed using various weak formulations. We present 
here application of the mixed approach since independent approximation of displacements 
and stresses provides good convergence for contrast materials. However, a stable 
approximation of arbitrary order for mixed formulations is not a trivial issue. Therefore, 
to satisfy automatically the discrete inf-sup condition we use the DPG methodology and 
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the ultra weak formulation. Thus, the prolongation operator consists of six submatrices 
corresponding to prolongation of the mid node test displacement and stress fields, mid 
node trial displacement and stress fields as well as the edge node trial displacement and 
traction variables. Arbitrary order of approximation may be used on both levels. 
Illustrating results of such a prolongation for the most demanding edge functions are 
shown in Fig. 1.  
 

FIGURE 1: A coarse rectangular element refined with triangular fine elements and the 
corresponding prolongation of edge displacements and tractions. Prolonged traces are shown for 

both homogeneous and heterogeneous materials. 

3. Conclusions 
 A new inter-grid mapping construction was proposed and tested also for MsFEM 

based on the mixed and ultra weak formulations 
 The DPG methodology was used to provide stable approximation 
 The efficiency examination of DPG based MsFEM is in progress 
 Various formulations are considered 
 The multilevel extension is planned 

References 
[1] T. Hou and X. Wu. A multiscale finite element method for elliptic problems in composite 

materials and porous media. Journal of Computational Physics, 134:169-189, 1997 
[2] W. Cecot and M. Oleksy. High order FEM for multigrid homogenization. Computers and 

Mathematics with Applications, 70(7):1370-1390, 2015 
[3] L. Demkowicz and J. Gopalakrishnan. A class of discontinuous Petrov-Galerkin methods. Part 

II. Optimal test functions. Numerical Methods for Partial Differential Equations, 27(1):70-
105, 2011 

[4] J. Fish and V. Belsky. Multi-grid method for periodic heterogeneous media, Part 2: Multiscale 
modeling and quality control in multidimensional case. Comput. Methods Appl. Mech. Eng., 
126 (1), 17-38, 1995 
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CHARACTERIZATION OF AUXETIC METAMATERIALS 
FOR MODELING AND SIMULATION OF NEW 

LIGHTWEIGHT STRUCTURES 
R. Derr, M. Sc.1, Prof. Dr.-Ing. S. Diebels1 

1Saarland University, Chair of Applied Mechanics, Germany 
 
Abstract 
Auxetic materials have a negative Poisson's ratio, which makes a wide range of applications in lightweight 
design available. In the present work, 2D sheet metal structures with an auxetic perforation pattern are 
investigated under uniaxial loading. In experimental and numerical investigations different sample designs 
are compared with each other in terms of its effective poisson’s ratio and its stress state. 
 

1. Introduction 
All auxetic materials are characterized by a special inner structure [1]. A folded 

microstructure that unfolds under tensile or compressive loading can macroscopically lead 
to a material with a negative Poisson's ratio. This behavior is based on non-convex 
microstructures with springing corners or re-entrant mechanisms [2]. In the present work, 
a variation of the “rotating rigid units” is investigated. For the investigations, sheets made 
of isotropic material are used, which have perforations with a certain periodic pattern. In 
the literature there are rectangular, rhomboidal or elliptical perforations with an auxetic 
potential [3, 4]. 

2. Materials and Methods 
The aim of the work is to investigate the deformation behavior of different sheet 

metal structures under tensile loading conditions. The sheets are made of an isotropic 
aluminum alloy AlMg3 with dimensions 134 mm x 78 mm x 1 mm. The characteristic of 
the auxetic behavior depends on the selected perforation pattern. The examined aluminum 
sheet has an auxetic perforation pattern with alternating horizontal and vertical 
rectangular perforations. The structure in the sheet metal is realized by water jet cutting 
to ensure sufficient accuracy. Determining a suitable specimen clamping is one of the key 
problems in the experimental realization of the tensile tests. In a previous simulation the 
sheet is clamped at the top and bottom and stretched by 7.5% of the specimen length in 
vertical direction. Two different types of clamps were compared and evaluated (see Fig. 
1).  

The clamping leads to a higher effective poisson‘s ratio than the bolts. Clamping 
prevents transverse expansion in the transition region, which increases the widening of 
the structure. Simultaneously, the resulting stresses in the transition region increases. 

3. Future work 
In order to validate the simulation results, the corresponding experiments still have to be 
carried out. The effective mechanical properties of the metamaterials will be 
determined by numerical homogenization. For this purpose, suitable representative unit 
cells are modelled for the experimentally investigated microstructures. Based on a 
parameterization,  an  automated  creation  and  simulation  of  such  unit  cells should be
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realized. 
 

 
FIGURE 1: Different effective poisson’s ratio ν by changing the clamping device in tensile test. 
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[1]  Kaminakis, N.T., and Stavroulakis, G.E., “Topology optimization for compliant mechanisms, 

using evolutionary-hybrid algorithms and application to the design of auxetic materials”, 
Composites Part B: Engineering, Vol. 43, No. 6, 2012, pp. 2655-2668 

[2] Dos Reis, F., and Ganghoffer, J.F., “Equivalent mechanical properties of auxetic lattices from 
discrete homogenization”, Computational Materials Science, Vol. 51, No. 1, 2012, pp. 314-
321 

[3] Slann, A., White, W., Scarpa, F., Boba, K., and Farrow, I., “Cellular plates with auxetic 
rectangular perforations”, Physica Status Solidi (B) Basic Research, Vol. 252, No. 7, 2015, 
pp. 1533-1539 

[4] Taylor, M., Francesconi, L., Gerendas, M., Shanian, A., Carson, C., and Bertoldi, K., “Low 
porosity metallic periodic structures with negative poisson’s ratio”, Advanced Materials, Vol. 
26, No. 15, 2014, pp. 2365-2370 
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COMPARISON OF DIFFERENT HIGH-ORDER FINITE 
ELEMENT METHODS FOR INTERIOR ACOUSTICS 

Fabian Duvigneau1 and Sascha Duczek2 

1Otto von Guericke University Magdeburg, Germany 
2University of New South Wales, Australia 

 
Abstract 
In this contribution different high-order finite element methods (FEMs), such as the spectral element method 
(SEM) or the p-version of the FEM, are applied to problems in interior acoustics. The aim is to compare the 
different methods with respect to their and computational effort. The commercial finite element software 
Abaqus serves as a reference for the evaluation of the results. 
 

1. Introduction 
Nowadays qualitative features are becoming more and more important when 

considering the decision of the customers to purchase a product. The acoustic behavior is 
one of these criteria that are in the focus of various branches of industry, even though it 
is generally not related to the operability of the product but to the comfort of the user. 
Therefore, the need for robust numerical simulation methods increases with aiming at the 
development of optimized designs in an early phase of the product development cycle. 
This approach of virtual design and testing circumvents the need of building prototypes 
and consequently, saves time and money in comparison to an experimentally based 
optimization process. For this purpose, efficient simulation tools are required which are 
applicable to problems in engineering practice. As an example, a holistic simulation 
workflow to compute the acoustic behavior of electric engines considering the magnetic 
circuit as the excitation source is propose in Ref. [1]. Note that prototypes are mandatory 
for validation purposes and still play an important role in later stages of the development. 
Usually, damping materials are used to improve the behavior of acoustically conspicuous 
products. These materials are easily applicable to complex shapes and moreover, they are 
reasonably cheap. One major challenge is the numerical description of these complex 
micro-structured materials which on top of that exhibit a frequency dependent behavior. 
Naturally, many researchers try to optimize the absorption and dissipation capabilities of 
damping materials with respect to the area of application. The class of acoustic 
metamaterials is one example of innovative material design. The authors executed 
numerical studies considering the influence of the design parameters of acoustic 
metamaterials on the resulting performance [2]. The preliminary investigations in the 
context of acoustics showed that current desktop PCs are often not sufficient and reach 
their limits when conventional low order finite element methods (FEMs) are deployed. 
Consequently, high-order FEMs should be used for acoustics in order to significantly 
decrease the computational costs. Several high-order schemes have already been 
implemented for elastic wave propagation and piezoelectric analysis [3]. In a first step, 
these methods are extended to interior acoustics. The motivation of using high order shape 
functions is to achieve high (possibly exponential) rates of convergence. In high-order 
FEMs a p-refinement is commonly favored, while for low-order FEMs the polynomial 
degree  is  kept   constant  and  the  element  size  is  decreased   (h-refinement).  In  this 
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contribution shape functions based on Legendre (modal) and Lagrange (nodal) 
polynomials are investigated. Considering nodal shape functions both equidistant and 
non-equidistant nodal distributions are analyzed. This class of shape functions offer the 
opportunity to employ mass lumping strategies. In the case of a Gauss-Lobatto-Legendre 
nodal distribution the lumped mass matrix is a variationally consistent formulation. 

2. Preliminary results 
The results shown in this section have been obtained in a previous study using a 

simple academic benchmark test. Figure 1 exemplarily illustrates the results of a modal 
analysis of a rectangular acoustic domain where all boundaries are perfectly reflecting. 
The results of the convergence analysis of the 100th eigenfrequency are given with respect 
to the relative error in comparison to a numerical overkill solution, which serves as a 
reference value. It is easy to observe that the increase of the polynomial degree (p-
refinement) leads to much higher convergence rates than an h-refinement that is usually 
done in commercial software due to the absence of elements with shape functions of a 
polynomial order higher than two. 

 

 
FIGURE 1: Convergence rate of high-order finite element methods in comparison to the results 

of a commercial software that provides exclusively linear and quadratic elements. 
 

In this contribution, a comprehensive study will be executed aiming at the 
comparison of different high-order FEMs considering their accuracy, effort and 
applicability for numerical examples of varying complexity. Additionally, opportunities 
and consequences of applying mass lumping techniques will be discussed in the context 
of high-order FEMs for interior acoustics. 

References 
[1] F. Duvigneau, S. Koch, C. Daniel, E. Woschke, U. Gabbert, “Vibration Analysis of an Electric 

Wheel Hub Motor at Stationary Operating Points”, In: Cavalca K., Weber H. (eds). 
Mechanisms and Machine Science, vol 63. Springer, Cham, pp.51-64, 2019 

[2] F. Duvigneau, S. Duczek, “A numerical study on the potential of acoustic metamaterials”, In: 
Analysis and Modelling of Advanced Structures and Smart Systems, Series: Advanced 
Structured Materials, Springer, Eds: Altenbach, H., Carrera, E., Kulikov, G., pp.11-34, 2018 

[3] S. Duczek, Higher Order Finite Elements and the Fictitious Domain Concept for Wave 
Propagation Analysis (VDI Fortschritt-Berichte Reihe 20 Nr. 458, 2014) 
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STEADY-STATE ANTI-PLANE CRACKS IN 
FLEXOELECTRIC MATERIALS 

Prof. A. E. Giannakopoulos1, Assist. Prof. Th. Zisis1 
1Mechanics Division,  

National Technical University of Athens, Greece 
 
Abstract 
The anti-plane dynamic flexoelectric problem is stated as a dielectric solid that incorporates gradients of 
electric polarization and flexoelectricity due to strain gradients. It is shown that the coupling of the 
mechanical with the electrical problem can be condensed in a single mechanical problem that falls in the 
area of dynamic couple stress elasticity. Moreover, static and steady state dynamic anti-plane problems of 
flexoelectric and couple stress elastic materials can be modelled as anisotropic plates with a non-equal 
biaxial pre-stress. 
 

1. Introduction  
In this work we solved the steady-state problem of a semi-infinite antiplane crack 

located in the middle of an infinite flexoelectric plane, with its crack-tip moving with 
constant velocity. The analogy with a non-equal biaxial prestressed plate was materialized 
in a finite element code.  

Two types of loading were investigated to relate the present solutions with known 
results from classic elasticity. We investigated the influence of various parameters such 
as the shear wave velocity and two naturally emerging micro-structural and micro-inertia 
lengths. In the context of flexoelectricity, the two lengths are due to the interplay of the 
elastic and the flexoelectric parameters.  

We also investigated the connection of the electric boundary conditions with 
boundary conditions of the dynamic couple stress elasticity. The results are important for 
all dielectrics such as ceramics, ice, perovskites and polymers that exhibit strong 
flexoelectric effect, often uncoupled from piezoelectricity (centrosymmetric materials). 
Low energy phonon spectrum and its parameterization in pure KTaO3 below 80 K is 
shown in Fig. 1 and our results confirm the transverse acoustic part of the dispersion curve 
The results can be useful for other dispersive materials, provided we identify the pertinent 
micro-structural and micro-inertial lengths in accord with the behaviour of the material at 
high frequencies. 
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FIGURE 1: Dispersion curves of (potassium tantalate) KTaO3 low energy phonons between 10 

and 80 K along the high symmetry axes [1]. 
 

References 
[1] E. Farhi, A.K. Tagantsev, R. Currat, B. Hehlen, E. Courtens, and L.A. Boatner, Eur. Phys. J. 

Vol. B 15,2000, pp. 615 
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PHASE-FIELD MODELING OF CRACK BRANCHING AND 
DEFLECTION IN HETEROGENEOUS MEDIA 

A. C. Hansen-Dörr, F. G. Dammaß, M. Kästner 

Institute of Solid Mechanics, TU Dresden, Dresden, Germany 
 
Abstract 
In this contribution, a crack phase-field model is presented which captures the material heterogeneities in a 
fully regularized manner. The approach is validated for complex examples from linear elastic fracture 
mechanics where analytical solutions exist. Further-more, different regularizations are investigated and the 
results and limitations are discussed qualitatively and quantitatively.  
 

1. Introduction  
In previous works, a crack phase-field model was presented, which incorporates 

material interfaces in a regularized manner, i.e. the formerly discrete interface can be 
assigned a finite characteristic width, which is still very small compared to the domain’s 
dimension [1]. It was shown, that the regularization of both, crack and interface, yield 
deviations in the fracture toughness of the interface, that have to be accounted for [1]. The 
modeling approach is completed by regularizing the jump in elastic properties near the 
interface, too, which allows for a convenient, non-conforming mesh representation of 
heterogeneities.  

2. Phase-Field Model for Regularized Heterogeneities  
The phase-field approach enables convenient modeling of crack initiation and propagation 

by solving an additional scalar field problem for the crack phase evolu-tion, which is 
coupled to the mechanical boundary value problem. Following Miehe et al. [2], the 
Helmholtz free energy of a fractured, brittle, linear elastic material reads 

Ψ = Ψel + Ψc = � 𝑐𝑐� ⋅ 𝜓𝜓�
el + 𝜓𝜓�

el +
𝐺𝐺c(𝑑𝑑, 𝑙𝑙i)

4𝑙𝑙c
{(1 − 𝑐𝑐)� + 4𝑙𝑙c

�|∇𝑐𝑐|�} dΩ   
�

, (1) 

where 𝑐𝑐 is the phase-field variable indicating intact (𝑐𝑐 = 1) or fully broken (𝑐𝑐 = 0) 
material and 𝑙𝑙c is the length scale, governing the width of the crack phase. The reg-ularized 
interface Γi is incorporated by the locally heterogeneous fracture toughness 𝐺𝐺c with the 
signed distance 𝑑𝑑 from the interface and an interface regularization length 𝑙𝑙i. Hence, 𝐺𝐺c 
approximates both, the interface 𝐺𝐺c

i and bulk material 𝐺𝐺c
b frac-ture toughness, cf. Figure 

1b. The fourth order elasticity tensor E, with the YOUNG’s modulus 𝐸𝐸(𝑑𝑑, 𝑙𝑙i) and POISSON 
ratio 𝜈𝜈, introduces a smooth transition between the elastic properties of the constituents 
near the interface, cf. Figure 1c. The specific elastic free HELMHOLTZ energy 𝜓𝜓el =
0.5 𝛆𝛆 ∶ 𝐄𝐄(𝐸𝐸(𝑑𝑑, 𝑙𝑙i), 𝜈𝜈) ∶ 𝛆𝛆 undergoes a tensile split [2] into a tensile 𝜓𝜓�

el and compressive 
𝜓𝜓�

el part to avoid cracking under pressure.  
Below, an initial crack Γc approaching a perpendicular, weak interface Γi is 

investigated. The setup is similar to [3], where analytical predictions of crack 
branching and deflection are made: Figure 1a depicts the simulation setup of two 
bulk material layers with differing elastic properties with the interface separating 
both halves. The fracture toughness and YOUNG’s moduli are regularized according 
to
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𝐺𝐺c(𝑑𝑑, 𝑙𝑙i) = 𝐺𝐺c
b − �𝐺𝐺c

b − 𝐺𝐺c
i� exp �− �

𝑑𝑑
2𝑙𝑙i

�
�

�     and 

𝐸𝐸(𝑑𝑑, 𝑙𝑙i) =
𝐸𝐸� − 𝐸𝐸�

2
 �tanh �

𝑑𝑑
𝑙𝑙i

� + 1� + 𝐸𝐸� . 

(2) 
 
(3) 

The Poisson ratio remains constant. Plane strain is assumed. Both regularizations 
using the parameters presented in Figure 1a are illustrated in Figure 1b-c. To achieve 
steady crack growth, surfing boundary conditions [4] are applied along the bold marked 
edges 𝜕𝜕𝜕�: Crack propagation along the 𝑦𝑦-direction is provoked. 

3. Results and Outlook 
Figure 2 compares the computational results for 𝑙𝑙i 𝑙𝑙c = 1.25⁄  to the analytical 

predictions from [3] and reveals good to very good agreement. In contrast to the analytical 
predictions, a single deflection is not observed. Instead, an alternative phenomenon can 
be found: The crack branches first, and then continues to propagate asymmetrically into 
the upper material (symbol: circle). Additionally, a variation of 𝑙𝑙i suggests, that it is a 
material parameter, which is, alongside more complex load cases and 3D setups, subject 
of future investigations.  

FIGURE 1: (a) depicts the simulation setup to validate the model with regard to analytical 
re-sults [4]. An illustration of the regularization of the fracture toughness and YOUNG’s 

moduli according to Equation (2) and (3) is provided in (b) and (c). 

(a) (b) (c) 

FIGURE 2: According to analytical predictions [4], three different phenomena 
occur at the interface: No deflection/single deflection/double deflection of the 
crack, depending on the material parameters. The simulations (symbols) are in 

good to very good agreement. However, a single deflection does not occur. 
Instead, an asymmetrical phenomenon (circle) is observable.  
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Double deflection 
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TASKS FOR VALIDATING COMPOSITE SIMULATIONS 
Stefan Hartmann1, Rogin Rose Gilbert1, Ali Kheirimarghzar1 

1Institute of Applied Mechanics, Clausthal University of Technology,  
Clausthal-Zellerfeld, Germany 

 
Abstract 
We present a procedure to determine material parameters of linear elastic transversal isotropy based on 
digital image correlation information in combination with finite element simulations. The parameters are 
used for predicting experiments where either holes are drilled into composite plates or the fibers bypass the 
holes. Validation measures of the simulation quality are discussed. 
 

1. Introduction  
Connecting composite sheets is commonly done using rivets. In the past, this has 

been done by drilling holes into the laminate, which is accompanied by destroying the 
fibers. Alternatively, one can bypass the fibers in the production process around the hole. 
From a mechanical point of view, the latter case represents a spatially inhomogeneous 
fiber distribution. To perform predictive simulations, several aspects have to be addressed: 
(1) we need for the case of linear elastic, transversal isotropy five material parameters. 
This is accompanied by the question how these parameters are uniquely determinable? (2) 
How can we formulate the spatially fiber orientation? (3) If we have such a formulation, 
how can we state that the simulation result is good? Do there exist quality measures? 

2. Procedure 
In a first step, tensile tests were performed for both pure resin sample tests as well 

as specimens with 0°, 45°, and 90° fiber orientation. Furthermore, a shear test and a 
compression test are necessary to determine the five material parameters. For this purpose, 
digital image correlation (DIC) of the full-field surface information are used – and, of 
course, the force information for given displacements of the testing machine as well. To 
determine the material parameters, a least-square approach is taken into consideration, 
where finite element simulations are compared to the DIC information. Particular 
attention is drawn on the identifiability of the material parameters, a concept provided in 
Beck and Arnold [1], see, or details in the field of solid mechanics [2]. Here, the questions 
are followed whether the material parameters are addressed by the experimental data and 
whether they are unique. In this sense, it turns out that only the use of the 0°, 45°, and 90° 
fiber orientation with the DIC/FEM approach provides too less information. This 
statement can be justified by analytical considerations. Thus, a shear test and a volumetric 
deformation state are necessary, see Christensen [3]. 

The second task is the determination of the spatially inhomogeneous fiber 
orientation of specimens, where the fibers bypass a hole. Here, a new concept of taking 
an image of the fibers in the production process, and to make points on several fibers, 
which are interpolated by two-dimensional B-splines. One coordinate line of the B-splines 
defines the curvilinear fiber orientation, which is given by the orientation vector �⃗�𝑎(�⃗�𝑥) 
(tangent vector to the coordinate line) required in the finite element simulation. The ideas 
of the interpolation are explained in detail. Thus, a continuous fiber distribution approach 
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is provided.  
Having the material parameters and the fiber orientation, simulations can be 

performed, where we compare the classical concept of unidirectional fiber orientations 
and the bypass approach both experimentally and numerically. A particular issue is related 
to the question of a validation metric, i.e. we have to compare not only visually the 
experimental surface displacement or surface strain distribution but to provide some error 
measures, see Fig. 1.  

 
FIGURE 1: Spatially distribution of the relative error between experiment and simulations of 

fiber bypass example. 
 

Here, a region-of-interest approach is applied, where the relative error distribution is 
shown.  
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PRESSURE BARS TO CHARACTERIZE BRITTLE 

MATERIALS BEHAVIOR AT HIGH STRAIN RATES 
T. Jankowiak1, A. Rusinek2,4, G.Z. Voyiadjis3 
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2 Laboratory of Microstructure Studies and Mechanics of Materials, UMR-CNRS 7239, Lorraine University, 
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Abstract 
The paper presents an analytical prediction  coupled to numerical simulations of the Split Hopkinson Pressure 
Bar (SHPB) which can be used during further experiments to measure the dynamic compression strength of 
concrete. This work reconsiders one more time an SPHB method to accurately identify the strain rate 
sensitivity of concrete or other brittle materials. 
 

1. Introduction  
The dynamic behavior of concrete structure during impact or blast is very often 

analyzed using experimental tests and numerical simulations [1-5]. During these kind of 
loadings, high strain rates are reached and observed in the material [2,3]. To predict its 
behavior and its material dynamic strength, very precise tests and dynamic measurements 
are necessary as discussed in the paper. Experimental results are then used to calibrate the 
concrete material model parameters. Only if the initial boundary value problem with 
correct material model is used to simulate the dynamic behavior of the structure, its 
prediction will be in agreement with experimental observations, see Fig. 1.  

 

 
FIGURE 1: Comparison of the CEB recommendations with strain rate sensitivity predicted by 

the continuous damage surface cap model for concrete. 
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The following main ideas and results are presented in detail in the paper: 
 The analytical solution to predict the stress and strain waves intensities is shown. It 

can be used to simplify the design process of SHPB and to check the consistency in 
further experimental test results. 

 The effect of the initial impact velocity of the projectile on the strength and strain 
rate reached in the specimen for different bar diameters. 

 The method to calibrate the material model for concrete including the strain rate 
sensitivity is presented. The numerical simulation was used to find a correct value of 
the parameters which define the strain rate sensitivity. As discussed, the original 
parameters gave in comparison with the analytical solution very low values of 
dynamic strength of concrete in compression. 

 The presented analysis proves that the solution is not mesh size sensitive. The 
important aspect is that possible changes in fracture energy during compression or 
the shape of the softening (descending) part of the curve can be identified using this 
experimental technique.  

For each case considered in the work, the previous dynamic experimental results 
recommended by CEB as CDIF were compared with numerical results. This work, may 
be used to summarize the design process of SHPB for concrete to reach a certain level of 
strain rates. The extension of the analysis to other classes of concrete (concrete C30 was 
assumed) or glass is possible using the same procedure. The new materials as for example 
ultra-high performance concrete can also be tested using the setup described previously. 
However, a limitation is imposed not to exceed the yield stress of the Hopkinson bars. 

References 
[1] K.T. Ramesh, High Rates and Impact Experiments, in: Springer Handbook of Experimental 

Solid Mechanics, edited by W.N. Sharpe Jr., Springer (2008) 
[2] J.E. Field, Review of experimental techniques for high rate deformation and shock studies, 

International Journal of Impact Engineering Vol.30 (2004), p.725–775 
[3] Committee Euro-International du Beton (CEB), Concrete structures under impact and 

impulsive loading in: CEB Bulletin d’information, Vol.187 (1988), Lausanne, France 
[4] Y. Al-Salloum, T.Almusallam, S.M. Ibrahim, H. Abbas, S. Alsayed, Rate dependent behavior 

and modeling of concrete based on SHPB experiments, Cement & Concrete Composites, Vol. 
55 (2015), p.34–44 

[5] P.H. Bischoff, S.H. Perry, Compressive behavior of concrete at high strain-rates, Materials 
and Structures, Vol.24, No.6 (1991), p.425–450 

 
  



17

10th German-Greek-Polish Symposium 
Recent Advances in Mechanics 
September 15-18, 2019 
Będlewo, POLAND 

   17 
 

DISLOCATION DENSITY TENSORS IN GRADIENT 
CRYSTAL PLASTICITY 

M.Sc. T. Kaiser1, Prof. Dr.-Ing. A. Menzel1,2 
1 Institute of Mechanics, TU Dortmund University, Germany  

2 Division of Solid Mechanics, Lund University, Sweden 
 
Abstract 
We present a gradient crystal plasticity framework with a kinematic-type hardening model that is based on 
the geometrically necessary dislocation density. The theory relies on an extended form of the dissipation 
inequality which gives rise to the balance equation of a generalised stress field. Based on energetic dualities, 
the latter is identified as the driving force for the plastic evolution. 
 

1. Constitutive framework 
Assuming a multiplicative split of the deformation gradient 𝑭𝑭 = 𝑭𝑭� ⋅ 𝑭𝑭� into an 

elastic part 𝑭𝑭� and a plastic part 𝑭𝑭�, incompatible (plastic) deformations can be interpreted 
in terms of the dislocation density tensor 𝑫𝑫. To be specific, integrating line elements of 
the intermediate configuration over a closed path 𝜕𝜕𝜕𝜕� bounding the referential area 
𝜕𝜕�with outward unit normal 𝑵𝑵, we observe the close relation between the Burgers vector 
𝜷𝜷 and the dislocation density tensor, namely 

    𝜷𝜷 = ∫ 𝑭𝑭� ⋅ d𝑿𝑿 
���

= ∫ Curl��𝑭𝑭�� ⋅ 𝑵𝑵 dA 
��

=  ∫ 𝑫𝑫 ⋅ 𝑵𝑵 dA 
��

 , (1) 

with the referential curl operator being denoted by Curl�(∙), see [1]. 
At the outset of the ensuing developments a Helmholtz free energy density 

function of the form 𝑊𝑊� (𝑭𝑭, 𝑭𝑭�, 𝑫𝑫, 𝜅𝜅) is proposed, with 𝜅𝜅 denoting a scalar-valued internal 
variable of accumulated plastic strain type.  In accordance with [2,3,4] the extended form 
of the dissipation power in terms of the nonlocality residual 𝑃𝑃� that accounts for energy 
exchanges on the micro scale, is moreover postulated to take the form 𝐷𝐷� = 𝑷𝑷: �̇�𝑭 − 𝑊𝑊 �̇ +
𝑃𝑃�. Expanding 𝑊𝑊 �̇ and following standard procedure gives rise to the definition of the Piola 
stress tensor 𝑷𝑷 = 𝜕𝜕𝑊𝑊� /𝜕𝜕𝑭𝑭 and of the reduced form of the dissipation power 

    𝐷𝐷���� = 𝑴𝑴� ∶ 𝑳𝑳�� +   ∶ �̇�𝑫 + 𝑞𝑞�̇�𝜅 + 𝑃𝑃� , (2) 

with Mandel stress tensor  𝑴𝑴� , plastic velocity gradient 𝑳𝑳�� = 𝑭𝑭�̇ ⋅ 𝑭𝑭�
�𝟏𝟏, and with the 

energetic duals    = − 𝜕𝜕𝑊𝑊� /𝜕𝜕𝑫𝑫 and q = − 𝜕𝜕𝑊𝑊� /𝜕𝜕𝜅𝜅. Assuming in accordance with [2,3,4] 
that the reduced form of the dissipation inequality may be written as  

    𝐷𝐷���� =  𝑴𝑴�� ∶ 𝑳𝑳�� + 𝑞𝑞�̇�𝜅  (3) 

eventually gives rise to the balance equation of the generalised  stress tensor  𝑴𝑴�� ,  
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 𝑴𝑴�� = 𝑴𝑴� + Curl�( ) ⋅ 𝑭𝑭�
�  , (4) 

and to its associated constitutive boundary constitutive condition 

      ⋅ Spn(𝑵𝑵) ⋅ 𝑭𝑭�
�  , (5) 

as elaborated in detail in [5,6]. 

2. Crystal plasticity 
Based on kinematic considerations, it is assumed in crystal plasticity that the 

plastic velocity gradient is additively composed of individual slip system contributions. 
Specifically speaking, the form 

    𝑳𝑳�� =  ∑ 𝒔𝒔(�) ⊗ 𝒎𝒎(�) �̇�𝛾(�)��
��� , (6) 

is proposed, with slip rates  �̇�𝛾(�), slip directions 𝒔𝒔(�), slip plane normals 𝒎𝒎(�) and with 
𝑛𝑛� denoting the number of slip systems. By inserting (6) into the reduced dissipation 
inequality (3) one arrives at  

    𝐷𝐷���� = ∑ 𝑀𝑀��(�) �̇�𝛾(�)��
��� + 𝑞𝑞�̇�𝜅   (7) 

which clearly indicates the energetic duality between the slip rate  �̇�𝛾(�) on slip system 𝛼𝛼 
and the projected Mandel stress tensor 

    𝑀𝑀��(�) = 𝑴𝑴 �����: [𝒔𝒔(�) ⊗ 𝒎𝒎(�)] . (8) 

Based on the observed energetic duality, the evolution equations for the plastic 
slip rates will be formulated in terms of  𝑀𝑀��(�) and solved locally at quadrature point level 
of the employed multi-field finite element scheme. On the global level, the classic balance 
equation of linear momentum and the balance equation for the generalised stress field (4) 
are solved, and an approximation of the dislocation density tensor 𝑫𝑫 is calculated by 
means of an 𝐿𝐿�-projection, see [6] for a detailed elaboration. 
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AN A PRIORI ESTIMATE FOR CONSISTENT PLATE 
THEORIES 

Prof: Dr.-Ing. habil. Dr. h.c. R. Kienzler1, Dr.-Ing. P. Schneider2 
1University of Bremen, Bremer Institute for Mechanical Engineering, Germany 

2Technische Universität Darmstadt, Konstruktiver Leichtbau und Bauwesen, Germany 
 
Abstract 
For the consistent plate theory of any order of approximation, an a priori error estimate is given for the 
deviation of this approximation from the exact 3-D solution of linear elasticity. 
 

1. Introduction 
 

We derive plane, two-dimensional, static theories from the three-dimensional theory of 
linear elasticity by a power-law expansion of the displacements in non-dimensional 
thickness direction 3 3x a   as 

    1 2 3 1 2 3
0

( , , ) ( , ) .m m
i i

m
u u     





       (1) 

( a  and h  are the characteristic in-plane and thickness dimensions, respectively; 1  and 
2  are the dimensionless in-plane coordinates , 1, 2ax a   . We compute the 

linearized strains, calculate the strain-energy density and obtain the strain energy per unit 
of area by integration with respect to the thickness. The potential of external forces is 
treated similarly. Application of the variational principle leads to a system of second-order 
PDE for the unknown coefficients 1 2( , )m

iu    with an associate set of boundary conditions. 
 

2. Results 
 

We could show the following 
 the infinite PDE system is equivalent of the equations of linear 3-D elasticity 
 if the disc/plate continuum is symmetric with respect to the plane middle surface, 

the material behavior at least monotropic and the external loads are splitted in 
symmetric and antisymmetric sets, the two dimensional problem decouples (also 
in the boundary conditions) into 2 sub problems 

o disc problem, i.e., in-plane deformation, 
o plate problem, i.e., out-of-plane deformation. 

Due to the integration with respect to the thickness, a smallness parameter pops up as 

     
2

2
212

hc
a

       (2) 

and the elastic potential (and also the complementary potential) appears as power-law 
series in 2c . If we truncate the elastic potential, e.g., 
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  0 2 4 6( ) ( ) ( ) ( ) ,Gh c c c O c            (3) 

we can further show that  
 the error between the approximation of an N-th order theory considering all terms of 

the order 2Nc  and the exact solution is of order 2( 1)Nc  . 

Considering the plate-bending problem, we obtain the following results  
 the zeroth-order approximation admits only rigid body translations and rotations 
 the first-order approximation delivers exactly the Kirchhoff-plate theory (transverse 

displacement w , plate stiffness K , transverse load q ), as 

    3 40( ),K w qa e         (4) 
and the boundary conditions along    

   *M n M n      or * ,        (5) 

   *Q n Q n       or * ,w w   

with the classical bending and twisting moments M  , the Kirchhoff-Ersatz-shear forces 
Q  and the slope ,w    . Starred quantities are prescribed data along the plate 
boundary, 
 the second-order approximation delivers 

   3 2 66 2 ( )
5 1

vK w a q c q O e
v

       
      (6) 

   2 2 66 ( ) 0
5

c c O e      
 
   

with w  and   as the energetic averages in the Timoshenko/Reissner sense of the 
transverse displacement w  and the shear measure 2,1 1,2    , respectively. 

The boundary conditions along   are given as 
  

 

 2 2
3

2 2 6 *

12 31 (1 ) , , (1 ) ( , , ),
5(1 ) 5

6 ( )
5 1

KM n c v w vw v c
a v

v c a P O c n M n
v

         

   

    







              
   

  

 

or     
*

         (7) 
  

 2 6 *
32

1 6 2, (1 ) , , ( )
2 5 1a

K vQ n w v c aq O e n Q n
va         

               
  

   or *.w w   

 Within the second order consistent approximation this set of equations is equivalent 
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to Reissner’s, Zhilin’s and Ambartsumyan’s theory whereas other theories, e.g., 
Marguerre’s and Reddy’s are not consistent. 

 The error between the solution w  calculated from (6) and the exact, 3-D elasticity 
solution 3u  is given by 

    6
3 ( )u w kO e        (8) 

 
  (constant k  Korn’s constant, cf. Korn’s inequality;   is the conventional 

norm 2
2 3( ) ).

A

d d    

3. Conclusion 
Equation (6) and the associated formulae for stress resultants and boundary 

conditions should be the theory of choice for a consistent second-order plate theory. For 
given plate dimensions and a required error bound, the a priori estimate delivers the order 
N  of the approximation necessary. 

||•||
||•||
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INVESTIGATION OF STOP-BANDS IN PERIODIC 
MICROSTRUCTURES 

Mr. P. Koutsianitis1, Dr. G.K. Tairidis1, Prof. G.E. Stavroulakis1 
1Technical University of Crete, Greece 

 
Abstract 
In the present investigation wave propagation and band gap theory are considered for several periodic 
microstructures, which are combined in order to create representative elementary volumes (RVEs) or whole 
lattices with specific characteristics and desired properties for vibration reduction in dynamic problems. Two 
different formulations are considered; one with plane stress, and one with beam-type finite elements. 
 

1. Introduction 
Isolation of vibrations caused by external loadings is a common problem in 

engineering. A periodic microstructure consists of a lattice as an assembly of elements 
(e.g. beams). The mechanical behavior of the structure is determined from a representative 
unit cell. Homogenization is well-known for static problems. For dynamic problems 
several directions of wave propagation, along with the total amount of frequencies of 
interest must be considered. The mechanical behavior of a unit cell is determined by its 
shape (e.g. square, honeycomb, star, etc.) Spadoni et al. [1]. The design parameters of a 
unit cell can be tuned in order to find band-gaps. The loading consists of a wave vector, 
which is applied at a particular cell, at the directions x and y, taking into account the 
periodic boundary conditions, which are defined by Floquet theorem as described in Phani 
et al. [2]. 

The propagation of the waves is assumed that is realized according to the work of 
Brillouin [3] and Kittel [4]. The Floquet-Bloch principles can be considered in order to 
design lattices within a desired frequency band. The objective of the study is the 
investigation of wave propagation and wave directionality. The results provide the 
dispersion curves for the different formulations of the studied unit cells. 
In general, the whole lattice can be obtained from the correlation of the unit cell with the 
basis vectors εi. However, the first step of the study should be the suitable definition of a 
unit cell. The lattice points rj of a unit cell are in fact a small subset of the nodes of its 
finite element model. The displacement q(rj) of the lattice points of the unit cell for the 
case of plane waves is given as: 

 𝑞𝑞�𝑟𝑟�� = 𝑞𝑞�𝑒𝑒������ ��   (1) 

where qj is the amplitude, ω is frequency and k is the wave vector. The parameters n1 and 
n2 can identify any other cell which can be obtained by n translations across the e 
directions with respect to the unit cell of reference.  

According to the Bloch’s theorem (see Bloch [5]), the displacement at the jth point 
in any cell can be identified by a unique pair of integers n1 and n2 as: 

  𝑞𝑞 = 𝑞𝑞�𝑟𝑟��𝑒𝑒������� = 𝑞𝑞�𝑟𝑟��𝑒𝑒(���������) (2) 

where 
  𝑘𝑘� = 𝑘𝑘 𝑒𝑒� = 𝛿𝛿� + 𝑖𝑖𝑖𝑖� (3)
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  𝑘𝑘� = 𝑘𝑘𝑘𝑘𝑘� = 𝑘𝛿𝛿� + 𝑖𝑖𝑖𝑖�𝑘 (4) 
The form of the unit cell, as well as the dispersion curve for the two different formulations, 
i.e. for the model with the two-dimensional triangular plane stress elements, and for the 
model with the beam elements are shown in Figures 1 and 2 respectively. Parametric 
investigation for different microstructures has been done. 
 

 
FIGURE 1: Unit cell and dispersion curve for the model with 2D triangular plane stress 

elements. 
 

 
FIGURE 2: Unit cell and dispersion curve for the model with beam elements. 

 
From the numerical results of the investigation it is clearly shown that the wave 

propagation method using plane stress elements, as well as with use of beam elements, 
can provide similar results in terms of stop-bands creation for the isolation of vibrations 
in certain frequency ranges, which is very useful in several applications, such as the 
creation of composite microstructures with auxetic core or for the tuning of band gap areas 
using shunted piezoelectrics. 
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EVALUATION OF FATIGUE DAMAGE DEVELOPMENT 
SUPPORTED BY NONDESTRUCTIVE TECHNIQUE 

Prof., Z.L., Kowalewski1, Dr., D., Kukla1, Dr., A., Ustrzycka1 
1Institute of Fundamental Technological Research, Poland 

 
Abstract 
This paper presents an attempt to use the Electronic Speckle Pattern Interferometry (ESPI) and 
Digital Image Correlation (DIC) for damage evaluation and its monitoring  on specimens made of 
the P91 steel and aluminide coated nickel super-alloys subjected to monotonic or cyclic loading. 
 

1. Introduction  
In most cases, fatigue damage has a local character and it is based on damage 

development leading to generation of cracks appearing around structural defects or 
geometrical notches. An identification of these areas and their subsequent monitoring 
requires a full-field displacement measurements performed on the objects surfaces. 

2. Results and discussion 
In this work, a development of fatigue damage was investigated using destructive 

and non-destructive methods in materials commonly applied in power engineering or 
automotive industry. The fatigue tests for a range of different materials were interrupted 
for selected number of cycles in order to assess a damage degree induced. As destructive 
methods the standard tensile tests were carried out after prestraining due to fatigue. 
Subsequently, an evolution of the selected tensile parameters was taken into account for 
damage identification. The ultrasonic or magnetic techniques were used as the non-
destructive methods for damage evaluation. In the final step of the experimental 
programme microscopic observations were performed. The results show that ultrasonic 
and magnetic parameters can be correlated with those coming from destructive tests. It is 
shown that good correlation of mechanical and selected non-destructive parameters 
identifying damage can be achieved for the materials tested. 

The work additionally presents simulation of fatigue crack initiation for cyclic 
loading within the nominal elastic regime. It is assumed that damage growth occurs due 
to action of mean stress and its fluctuations induced by crystalline grain inhomogeneity 
and free boundary effect, Ustrzycka et al. [1]. The macrocrack initiation corresponds to a 
critical value of accumulated damage. 

Fatigue investigations were carried out on the MTS 810 testing machine on plane 
specimens. These tests included specimens with three types of nickel alloy structure and 
with a layer thickness of 20 and 40 μm. Due to the continuous record of DIC displacement 
maps, the tests were performed at high stress amplitude values (600, 650 MPa), so as to 
shorten the test time to several hours. The load frequency was 20 Hz, and the image was 
recorded every 5 seconds, i.e. the map was recorded every 100 cycles. Figure 1 presents 
DIC images from selected fatigue cycles. The amplitude of the alternating stress was 600 
MPa. The specimen broke after 46 364 cycles. The first signs of localization are visible 
after 45 thousands loading cycles. The increase in deformation at this stage is connected 
with the formation of a crack in the aluminide layer, which propagates into the material 
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until the cohesion is lost. On this basis, the moment of crack formation can be estimated. 
Similar program was also carried out for P91 steel, however, in this case a damage 
development was analyzed using the ESPI system. 

 
10 000 
cycles 

 
45 000 
cycles 

 
46 000 
cycles 

 
46 100 
cycles 

 
46 300 
cycles 

 
 

FIGURE 1: Images from selected fatigue cycles obtained on specimen with layer thickness of 
20μm. 
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HIGH PERFORMANCE CONCRETE: MODELLING, 
SIMULATION AND TESTING 

Prof. M. Kuczma1, Mr. M. Demby2 
1,2Poznan University of Technology, Division of Concrete Structures, Poznań, Poland 

 
Abstract 
We will present results of our own laboratory testing, modelling and simulation of polypropylene fibre 
reinforced high-strength concrete. The tests were carried out on numerous concrete specimens of different 
types: beams B with dimensions 12x24x260 [cm], small beams b (10x10x50), cubes K (10x10x10), cylinders 
W (10/20). The experiments have showed that the added polypropylene fibres considerably increase the 
ductility of concrete.  
 

1. Introduction  
Concrete is the universal building material that is used in the biggest amount, with 

its worldwide production of more than 8 billion m3 per year. This is due to its many 
advantageous properties, including the easiness with which it can be deposited and made 
to fill forms or molds of almost any practical shape and its high compressive strength, as 
well as its durability and high fire and weather resistance. However, concrete exhibits also 
essential weaknesses, i.e. its tensile strength is many times smaller than its compressive 
strength what makes it a sign-sensitive material, and it is a brittle material. Concrete is a 
material being under continual research and development, which has led to the concepts 
of Ultra-High Performance Concrete (UHPC) [1] and Engineered Cementitious 
Composites (ECC) [2]. In order to mitigate the brittleness of concrete and to enhance its 
ductility steel fibres can be effectively used as shown in [3], for example.  

In this contribution we will present results of our own laboratory testing,  modelling 
and simulation of polypropylene fibre reinforced high strength concrete. The tests were 
carried out on over 100 concrete specimens of different types, including: beams B with 
dimensions 12x24x260 [cm] (Fig. 2), small beams b with dimensions 10x10x50 [cm] 
(Fig.1), cubes K with dimensions 10x10x10 [cm], and cylinders W with dimensions 10/20 
[cm] (Fig.1). The concrete mix consists of cement CEM I 52,5, silica fum, sand (0-2 mm, 
2-8 mm), water, superplasticizer, polypropylene fibres (4,8 and 6 mm). The compressive 
strength of the concrete was about 100 MPa. Some of the obtained experimental results 
are shown in Figs. 3–4  which demonstrate that adding of polypropylene fibres will 
considerably increase the ductility of concrete and make such a concrete capable of 
dissipating energy.  

 
 
 
 

 
 

 
FIGURE 1: Concrete small beams b, cubes, and 

cylinders after testing. 
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 FIGURE 2: Concrete beam B mounted on a test stand, before and after 3-point bending. 
 

 
 
 
 
 
 
 
 
 
  FIGURE 3: Force vs. displacement in loading/unloading 3-point bending of a beam B.  

 FIGURE 4: Dissipation of energy for beams I-1-(B1-B3) in the loading/unloading process. 
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OPTIMIZATION OF 2D ATOMIC STRUCTURES 
Wacław Kuś1, Adam Mrozek2, Tadeusz Burczyński2 

1Silesian University of Technology, Poland 
2AGH University of Technology, Poland 

3Institute of Fundamental Technological Research of PAS, Poland 
 
Abstract 
2D materials have unique electronic, mechanical and optical properties. Research related to their obtaining 
and characterization are intensively conducted in recent years. The article presents a method allowing for 
numerical modeling and optimization of the atomic structure taking into account the mechanical properties 
of the material. 
 

1. Introduction  
Two-dimensional materials are usually modeled and considered as sheet 

structures with an ideal mesh for maximum stiffness. By introducing modifications in the 
atomic structure by taking into account defects, voids or modifications of atoms in a single 
unit cell, one can influence the mechanical properties of the entire structure [1,4]. As 
a result of the modification, the structure will usually have worse mechanical properties 
than the ideal structure but such modifications may be beneficial for the design of gradient 
and functional materials. 

Optimization approaches based on bioinspired methods - evolutionary 
algorithms, artificial immune systems and particle swarm optimization combined with 
molecular statics based on local optimization methods [1,4,5] are applied. 

The goal of optimization is to obtain a structure with a stable configuration. It 
means that the structure should have minimum energy and fulfill prescribed 
mechanical properties. In the studies, the method of molecular statics with local energy 
minimization allows to obtain a structure with stable configuration. During 
optimization, the overarching algorithm is a bio-inspired global optimization 
algorithm. This algorithm pre-modifies the material structure which is then modified 
again using the local optimization algorithm, thanks to which we are dealing with a 
stable structure for each vector of design variables. The purpose of global optimization 
is to obtain a structure with given material parameters, so there are two objective 
functions when solving the optimization problem.  

Design variables determine the materials structure. Two approaches were used in 
the research, in the first the structure was determined by the definition of the position 
of atoms in a unit cell, in the second approach the structure was modified by 
introducing holes with dimensions defined using design variables. During optimization 
constraints on the variability of design variables were applied. The optimization 
process was performed using LAMMPS [2] software and authors versions of global 
optimization algorithms [1,4]. 

2. Numerical example 
The results of MoS2 structure optimization for given orthotropic material 

properties (60N/m, 80N/m) are shown in Figure 1. The objective function for the global 
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optimization problem was defined as the sum of differences between the given material 
stiffness and stiffness obtained for the design variable vector. In the local optimization, a 
structure with minimum energy (stable) was searched. Design variables determined the 
size of the rectangular void within the structure. A global optimization algorithm 
operating on 40 solutions in each iteration was used to obtain it, and 50 iterations of the 
algorithm were made. The atomic model of the structure used the interatomic potentials 
of Stillinger-Weber [3,6]. The obtained structure has stiffness 53.2 N/m and 83.9 N/m. 
 

FIGURE 1: The optimized MoS2 structure. 
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ON A FRAMEWORK FOR MODELING AND SIMULATION 
OF ADDITIVE MANUFACTURING PROCESSES 

Dr. R. Landgraf1, Erik Oelsch M.Sc1, Prof. J. Ihlemann1 
1Chair of Solid Mechanics, Chemnitz University of Technology, Chemnitz, Germany 

 
Abstract 
A framework for the finite element modeling and simulation of the additive manufacturing process of fused 
deposition modeling is presented. The framework strongly relies on the procedure to plan real manufacturing 
processes, i.e. same input data and processing procedures are employed. An exemplifying simulation of the 
building process of a human vertebral body highlights the capabilities of the presented framework.   
 

1. Introduction 
Additive manufacturing is an emerging field of research and application. The 

development of new processes and the application of new materials is a challenging task. 
Moreover, the predictability of the final shapes of printed structures is still under research. 
Here, volume changes as well as changing thermal and mechanical properties during the 
building process play an important role. Different building strategies might lead to 
different results of the final shapes, concerning both geometry and local material behavior. 
In this contribution, a framework for the modeling and simulation of additive 
manufacturing processes by thermomechanically coupled finite element simulations is 
presented. Here, the focus is on the basic procedure to build up a modeling and simulation 
framework for 3D printing by fused deposition modeling by the help of the commercial 
finite element software ABAQUS. Thereby, the framework uses data that are also 
employed for planning the real printing process. 

2. Framework for model development 
The basis for the modeling framework is an STL-file of the intended structure to 

be printed (see example in Fig. 1 (left)). Based on this geometry, the model creation is 
divided into four steps. The first step is to employ the slicer program Ultimaker Cura to 
generate GCode for 3D printing, which includes the printing paths, driving velocities and 
material flow information for the printing process. This code can also be passed to 3D 
printers. The second step consists of a conversion of the GCode to a data format, which 
can be employed for model creation in the finite element software ABAQUS (see Fig. 1 
(middle)). The third step is to build up a volumetric mesh of the whole geometry based 
on the STL-file. To this end, a hexahedral mesh is created by the finite element software 
MSC.Mentat. The resulting volume mesh is then passed to ABAQUS (see Fig. 1 (right)). 
The final step is to model the printing path inside ABAQUS. First, all elements are 
deactivated. Next, several simulation steps are created. In each step, a reference point is 
placed according to the temporal position on the printing path, a search area around the 
reference point is defined and all elements within the search area are activated. By this 
approach, a successive activation of elements according to the printing path is enabled. 
The creation within ABAQUS is automated by the help of Python scripting. 
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FIGURE 1: STL-file of a vertebral body [1] (left), printing path of one layer (middle), hexahedral 

mesh for finite element simulation (right). 

3. Exemplary printing simulation 
A thermomechanically coupled printing simulation highlights the capabilities of 

the approach. To this end, a fictive, linear elastic material behavior is defined. It includes 
linear elastic material parameters (Young’s modulus, Poisson’s ratio and heat expansion 
coefficient), the mass density as well as thermal properties (heat conductivity and specific 
heat capacity).  The boundary conditions are defined by fixed displacements on nodes at 
the bottom of the model and heat convection on the outer surfaces of the already activated 
elements (ambient temperature 293 K). In each simulation step, new elements get 
activated with an initial temperature of 393 K according to the printing path. The 
conducted simulation includes geometric nonlinear effects and imitates a printing process 
with a total simulation time of one hour (comput. time 30 hours, standard PC). The results 
of representative simulation steps are depicted in Fig. 2, where currently activated 
elements and the corresponding temperature distribution can be observed. 

 
FIGURE 2: Different steps of printing simulation and corresponding temperature distributions. 

4. Summary 
The presented modeling and simulation framework serves for the analysis of 3D 

printing processes by the help of thermomechanical coupled finite element simulations. 
Thereby, the modeling approach strongly relies on data and processing steps of practical 
printing processes. In future work, the framework will be extended by refined material 
models according to curing simulations (see [1] and [2]) and the simulation results will 
be compared to real printed structures.  
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Abstract 
A phase field model of fatigue is presented. The model represents an extension of the phase field model of 
linear elastic fracture mechanics by an additional driving force contribution. This driving force contribution 
is related to cyclic damage and uses the concept of Miner’s rule. The model allows the simulation of fatigue 
crack growth curves known as Paris’ laws. 
 

1. Model description 
The phase filed model of fatigue crack growth is based on the phase field model 

of linear elastic fracture mechanics, which is described by a free energy function. 
This function is extended by an additional driving force 𝑠𝑠²𝑃𝑃 and reads 
 

 
where ε is the strain, s the fracture field (s=0: broken, s=1: intact material). The parameter 
η can be interpreted as a residual stiffness, while Gc is the fracture resistance (related to 
the fracture toughness), and 𝜖𝜖 defines the width of the transition layer between s=0 and 
s=1. The function W(ε) is the strain energy, see also [1,2]. The term P incorporates cyclic 
damage. 

The free energy is used to derive the stresses σ and the evolution of the fracture 
field variable s, by the constitutive law and a cycle dependent Ginzburg-Landau equation 

 

 
where M is a mobility constant. The stress σ satisfies the equilibrium condition div σ = 0. 
In order to define the driving function P a damage variable D is incremented according to 
Miner’s rule. 

 
where Δ𝑛𝑛i are the load cycles at load level i with a cycle limit of 𝑁𝑁i. These data can be 
inferred from Wöhler (S-N) curves. The principal stress is used to evaluate the Wöhler 
curves. The function P is defined by 

 
where the constants B,q and Dc need to be determined by experiments. 

The model is implemented into the finite element code FEAP. An implementation 
in the time domain using special shape functions is discussed in [3]. In the present work, 
the evolution is given and integrated with respect to cycles, which renders a fast algorithm.
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2. Results 
Figure 1a) shows the setup of a compact tension (CT) specimen. A cyclic load is applied, 
according to Fig. 1b). In the simulation only the amplitudes are used. 
 

 
FIGURE 1: a) CT-specimen according ATSM standard E399, b) sketch of cyclic load 

 
Using a Wöhler curve the crack propagation is computed by integration with 
respect to the cycle number. The result is depicted in fig. 2a). 

 
FIGURE 2: a) Cyclic crack growth, b) 

 
With an increasing crack length the crack accelerates. The crack speed is plotted as a 
function of the crack tip loading, expressed by the amplitude of the stress intensity factor 
Δ𝐾𝐾, see Fig. 2b). Due to the log-log type of Fig 2b) the linear graph represents a power 
law of the type                    which is known as Paris’ law. It is emphasized that different 
applied load amplitudes render the same Paris’ law. 
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Abstract 
In this presentation experimental data and procedures to evaluate the adhesive behaviour of self-adhesive 
polyethylene films are established and utilized. A model is developed based on non-linear theory of beams 
and non-local interaction forces to describe deformation of films subjected to T-peeling. The peel test 
procedure is developed to generate digital images of the deformed shape of the films within the delamination 
zone. The deformed lines were approximated by polynomial series based on the least square method. The 
traction-separation curve for each picture was obtained by computing the stationary value of the 
complementary energy variational functional. To formulate a traction-separation law a non-local density of 
interaction forces is introduced. The unknown material parameters are identified from traction-separation 
curves. 
 

1. Introduction  
Flexible polyethylene films with self-adhesive properties are widely used in 

different fields because of their modifiable properties. Examples include food packaging, 
thin polymeric layers in glass panels and photovoltaic modules, patches for vital 
information monitoring or drug delivery systems, etc. One of the challenges with 
polyethylene films is the inherently poor surface adhesion. It can be improved with surface 
modification methods such as cling layer co-extrusion which can provide the self-
adhesive properties for the film [1]. It is believed that the traction-separation behaviour of 
such adhesions is the property of the cling material. Therefore, variations in the physical 
and mechanical parameters such as thickness of the corresponding polymer film and the 
co-extruded cling layer are expected not to affect the adhesion.  

To analyse the adhesive behaviour of polymer films experimentally, various peel 
tests are used to measure the required force for delamination of the film from a substrate. 
Among them, T-peel test is one of the most common methods in case of examining thin, 
flexible films. The standard approach in processing the results of peel tests is to determine 
and evaluate the effective work of adhesion. But due to the existence of different adhesive 
strength in different parts of the polymer films, a local traction-separation diagram is 
required. Furthermore, a traction-separation law would provide basic properties of the 
adhesive system like the size of the adhesive zone, the critical opening displacement, 
energy of adhesion (area below the traction-separation curve), etc. In [1] a method for 
identifying the local traction-separation curve and determining the distributed force in the 
zone of adhesive interaction from the digital images of the deformed shape of the films as 
a result of peel tests is proposed. In [2] the identification procedure is applied to a class of 
thin polyethylene films with various cling materials and thicknesses of layers.  Basic 
features of the developed identification procedure are illustrated in Fig. 1. The deformed 
line of the film is approximated by the polynomial series. The unknown force distribution 
is evaluated by the Ritz method applied to the complementary energy variational 
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functional. The integral of the obtained force distribution provides the peel force which 
is compared with the value measured during the peel test, in order to validate the 
developed procedure.  

Basic equations of the non-linear theory of beams as well as the computational 
procedure to find the unknown force distribution from the given deformed line are 
discussed in [1]. In this presentation, an extension of the approach is proposed by 
assuming the non-local interaction between the films.    
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 

FIGURE 1: Identification of traction-separation curve from digital images of deformed 
configuration of the film. 
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Abstract 
The article discusses the use of friction liners, made of selected materials, in the freight cars’ spherical centre 
bowls. Comparative studies on the effect of the suspensions dynamics on the equivalent stresses in the liner 
material were carried out using FEM and multibody simulation. The results show the magnitude and location 
of the highest stresses in the liner with varying input loads, friction coefficients and interacting materials. 
 

1. Introduction 
Over the last decades, freight car operators have started to use a wide range of 

non-metallic friction liners (Fig.1a) made of various materials such as polymeric materials 
with modifying agents or resin-based composites. Such non-metallic liners offer several 
advantages over the metal surfaces interaction such as ease of installation, lower 
coefficient of friction, reduced wear. However, they also have some disadvantages, which 
include higher susceptibility to damage. Depending on the specific material, such negative 
phenomena as occurrence of permanent deformations below the yield point (cold flow) 
during higher compressive loads, increased susceptibility to change of friction properties 
at low temperatures, low resistance to high temperatures in terms of wear and mechanical 
properties are possible Ashby, Wang et al.[1, 2], creating the electrical insulation of the 
vehicle body, which leads to the accumulation of electric charge. Mechanical properties 
of polymers are also affected by the pressure, however there has been limited research 
into this topic in recent years Siviour et al.[3]. Experiments on the mechanical behaviour 
of polymers under hydrostatic pressure showed that increasing hydrostatic pressure results 
in increased modulus and yield stress, sometimes by as much as 50-100% Ashby, Siviour 
et al. [1, 3]. Other properties such as glass transition, could also be pressure dependent 
and specific to the polymeric material. Different yield criteria are used to describe the 
yield behaviour in polymers, the common part of the criteria suggest linear dependence 
of the yield stress as a function of hydrostatic pressure. In engineering practice the yield 
criterion for polymers often uses modified Huber-Mises-Hencky yield function.  

 
(𝜎𝜎� − 𝜎𝜎�)� + (𝜎𝜎� − 𝜎𝜎�)� + (𝜎𝜎� − 𝜎𝜎�)� = 2𝜎𝜎�� �1 +

��
�
�
�
                             (1) 

 
For polymers, the strength σf is identified as the stress at which the stress-strain 

curve becomes markedly non-linear. Unfavourable operating conditions of such elements 
may contribute to an unforeseen shortening of their operational time and, as a 
consequence, to a more serious failure.  

2. Applied method and selected results 
The interactions in the area of contacting surfaces of the centre bowl were 
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determined using the finite element mesh model. The FEM method assumes that the range 
of deformation of the liner material is below 5-10% and the linear elastic characteristic is 
sufficiently accurate in this regard to describe this material. The FEM grid consists of 
54158 nodes, while the contact area itself contains 1089 pairs of nodes (Fig.1b). In the 
nominal condition, the friction coefficient between the plastic lining and the steel surface 
is usually much lower than the coefficient of friction between the steel surfaces. 

 
   a)                                                     b)                                                   c) 

   

FIGURE 1: Worn friction liner in the centre bowl [4], model, and sample result in FEM 
environment. 

 
Because of the reduction of the clearance, the vehicle body can be directly 

contacted with the steel part of the bogie and the vertical forces increase where the side 
slides are located, which leads to a significant increase in the resistance torque of the bogie 
(approximately two times or more) and increase in the value of interaction forces between 
the vehicle wheels and the track. In the case of a freight wagon, damage to the friction 
lining in the centre bowl due to excessive wear or tear of the material (Fig. 1a) leads to a 
reduction in the clearance between the bogie and the body.  

3. Summary 
Examination of the mechanical interactions between the friction lining and the 

wagon suspension system was presented, considering the loads that may occur in the 
actual operating conditions of the wagon. Selected parameters of the suspension model 
were verified on the basis of a comparison with the results obtained in the bench tests of 
the moment of resistance of the bogie. A multibody model of a freight wagon with 30 
degrees of freedom was built, in which the relevant vehicle elements in the form of rigid 
bodies are connected by means of elastic and damping elements, including pairs with dry 
friction between the bogies and the body. Parameters of the friction pairs were adopted 
on the basis of calculations obtained from FEM model, the LuGre model was used to 
describe the dry friction in vehicle suspension Opala [5]. The highest values of internal 
stresses occur in the area close to the inner edge of the liner orifice (or the pivot orifice in 
the absence of the liner). In the same area there are also the highest contact pressures. 
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Abstract 
This work introduces a bootstrap method to quantify uncertainties in data-driven computational methods. 
Data-driven methods enable field simulations without the need of modeling a constitutive relation. Instead, 
only material measurements are required, which may, however, exhibit uncertainties. Bootstrapping allows 
to quantify uncertainties in the system’s state based on an empirical material distribution. The approach is 
illustrated by numerical examples from elasticity.   
 

1. Introduction  
Data-driven solvers have received much interest recently in computational 

engineering and science. Such solvers aim at fusing data with physical principles to 
perform simulation and prediction for engineering or physical systems. A data-driven 
methodology offers several new possibilities, such as by-passing modeling steps, which 
may be difficult to validate. Whenever high-fidelity data is available, these can be directly 
used within the computational approach to obtain accurate predictions. A popular data-
driven method is based on distance minimization in phase space [1]. This contribution is 
concerned with uncertainty quantification within this class of methods. Uncertainty may 
originate from inherent variability, considering mass production for instance, or 
measurement noise. Concerning the latter, Kirchdoerfer and Ortiz have proposed a cluster 
approach to penalize outliers in the data, which has been realized through the maximum 
entropy principle [2]. This framework allows to incorporate measurement uncertainty 
through suitable weighting of data points. Ayensa-Jiménez et al. [3] have formulated a 
robust distance minimization approach, where the data sample is modeled as a random 
vector with known moments or probability distribution. In this contribution we focus on 
the case of inherent uncertainty in the material, which leads to a random solution and 
requires dedicated uncertainty propagation techniques. 

2. Data-Driven Method and Uncertainty Propagation 
Let (𝜎𝜎, 𝜀𝜀) refer to a state (stress/strain at a quadrature point in the finite element 

model, for instance) and 𝐸𝐸���� to the set of measured data points. In particular, 𝐸𝐸���� 
represents a realization of an underlying random material law and the goal is to infer the 
conditional distribution of the uncertain state (conditioned on equilibrium and 
compatibility, cf. [2]). For simplicity we only consider a single state in the following. 

After finite element discretization the data driven problem reads 
 

min min���,���∈�����
𝑑𝑑�𝜎𝜎 − 𝜎𝜎�� +  𝑑𝑑∗�𝜀𝜀 − 𝜀𝜀��,  

s. t.  equilibrium and compatibility,  
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where 𝑑𝑑, 𝑑𝑑∗ represent distances in phase space. In the data-driven paradigm the 
distribution of the material law is unknown. Instead, only a sample (𝐸𝐸����

(�) )� may be 
available. We then propose a bootstrap method to numerically approximate statistics of 
an estimator of (𝜎𝜎(�), 𝜀𝜀(�))�, representing the solution sample associated to (𝐸𝐸����

(�) )�. 
Figure 1 depicts the results for a simple 1D-bar, where random data has been generated 
synthetically from an unknown material relation.  
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FIGURE 2: Data-driven solution for a bar with a single state. Depicted are the mean value of 
the random material data set, the constant equilibrium set and the bootstrap data-driven 
(uncertain) solution. Uncertainty in the solution is represented by its sample standard 

deviation (dotted red line). 
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Abstract 
The behaviour of the reinforced concrete corners under opening bending moments is numerically studied with 
different constitutive laws. First an elasto-plastic model is used with combined Rankine and Drucker-Prager 
criteria. Then a family of isotropic damage laws is examined. Finally the formulation combining the elasto-
plasticity and isotropic damage mechanics is tested. Obtained results are compared with experimental 
outcomes. 
 

1. Introduction 
Reinforced concrete corners are popular and important parts of engineering 

structures. They occur in reinforced concrete frames, tanks, retaining walls and bunkers. 
Their behaviour is complex due to different failure modes observed: reinforcement 
yielding, concrete splitting caused by transverse tension, concrete failure in a compression 
zone connected to spalling, and anchorage slip. The corners are loaded by negative 
(frames) or positive (tanks, retaining walls, silos) bending moments. Negative bending 
moments close the corner while positive ones open it. The type of bending moment 
strongly influences the behaviour and the failure mode. Corners under opening moments 
often perform worse than corners under closing moments with the same reinforcement 
ratio. In the case of positive bending moments, internal splitting diagonal cracks occur at 
the mid-region of the corner (normal to the diagonal of the corner). These cracks are not 
visible from the outside. Their presence can lead to a premature failure connected with 
the pronounced reduction of the load-bearing capacity and large deformation. When 
dimensioning, usually two cross-sections adjacent to a corner are solely analysed to 
calculate the needed amount of reinforcement. However, the failure mode connected with 
the internal cracks may reduce the loading bearing capacity of the corner even by 50%. 

2. Constitutive laws 
The performance of three groups of continuum constitutive laws was analysed 

and their ability to reflect different failure modes in reinforced concrete corners were 
examined. First constitutive law was defined within the elasto-plasticity theory. In a 
tensile regime, a Rankine criterion was postulated with an associated flow rule. In a 
compression regime, a linear Drucker-Prager yield condition with a non-associated flow 
rule was assumed. In both cases, the stress-strain curves include non-linear softening 
regions. Then continuum damage mechanics with isotropic degradation was taken into 
account. Different definitions of the equivalent strain measure were assumed, e.g. 
modified von Mises or Rankine definition. Although they produce identical results in 1D 
setting, they behave differently under complex conditions (Bobiński and Tejchman [1]). 
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In order to describe the growth of the damage parameter, an exponential evolution 
law was assumed.  

Finally, a constitutive law coupling elasto-plasticity and isotropic damage was 
chosen (Marzec et al. [2]). In elasto-plasticity, Rankine and Drucker-Prager criteria were 
defined in the effective stress space with linear hardening only. The softening of the 
material was described by introducing isotropic damage with the Mazars definition of the 
equivalent strain. Two independent curves were defined to describe the damage growth 
in tension and compression. All three models were regularized in the softening regime via 
a non-local theory of the integral type to obtain objective FE results. 

3. Simulations 
Numerical simulations with different constitutive laws were performed on a 

reinforced concrete corner subjected to opening bending moments. The influence of the 
reinforcement ratio and reinforcement geometry was investigated. Figure 1 shows the 
smeared crack patterns obtained with an elasto-plastic law for two different reinforcement 
layouts. In addition, the RC corner experiments conducted by Akkermann [3] were also 
simulated. 

 

        
 

FIGURE 1: Smeared cracks for different reinforcement layouts. 
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Abstract 
Fractional (differ-integral) equations do not have in general analytical solution, therefore the approximate 
schemes are needed. During the talk three generalized finite difference schemes, which are based on: (i) the 
rectangle rule; (ii) the trapezoidal rule; and (iii) the Simpson’s (parabolas) rule will be presented to solve 1D 
space-Fractional Continuum Mechanics (s-FCM) problem. Special attention will be paid on interaction 
between fundamental s-FCM model (material) parameters (order of continua and length scale) and the quality 
of approximation. 
 

1. Introduction 
The s-FMC model for a dynamic equilibrium, reduced to a 1D case (see [1, 2, 3]), is 

described by the following integro-differential equation 
 

 
 

where U denotes the axial displacement, and RCD is the Riesz-Caputo fractional operator. 
For α=1 Eq.(1) reduces to classical 1D problem of continuum mechanics, namely 
 

(2) 

Taking as an example the approximation of the Riesz-Caputo operator based on the 
rectangle rule in the form (xi denotes the discretization point) 
 

 
(3) 

 
 

(4) 

where 

 
and 

 
one obtains for dynamic eigenproblem global algebraic problem as follows 
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(5) 
 
with the solution 
 

(6) 
 
where K stands for the global stiffness matrix and λf denotes the eigenvalue.  

2. Results 
Solution of Eq.(6) strongly depends on dominance and condition number for K. In Fig. 1 
eigenvalues vs. applied method and density of discretization are presented. 
 

   
m=4 m=100 m=300 

FIGURE 1. Eigenvalues vs. applied method and density of discretization 
 
Normalized coefficients of a middle row of matrix K for length scale lf=0.1 are shown in 
Fig. 2. 

 
FIGURE 2. Normalized coefficients of a middle row of matrix K for length scale lf=0.1 

 
It appeared that in order to keep accuracy on sufficient level, discretization should be 
bigger when α is small. 
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Abstract 
The numerical analysis of residual stresses as well as a targeted application of residual stress states are 
important tools in order to extend lifetime or strength of components. Therefore, the hot bulk forming process 
of a cylindrical specimen is investigated which provokes an austenite-to-martensite phase transformation on 
the microscale and results in residual stresses observed on different scales of the material. 
 

1. Numerical analysis  
 

In course of targeted application of residual stress states in order to improve the 
components properties, the numerical simulation and analysis of the forming process 
plays an important role and can be used to investigate the evolution of residual stresses. 
Temperature dependent forming processes, such as hot bulk forming, offer the 
opportunity to adjust material parameters, e.g. deformation state, temperature profile or 
cooling media, independently. Hence, the upsetting test of a cylinder with an eccentric 
hole at high temperatures on different scales is examined as proposed in Behrens et al. 
[1]. In this contribution, we focus on the microscopic and mesoscopic level, i.e. grain level 
and polycrystal containing a small number of grains. This multiscale view enables a 
detailed description of phenoma on the microscale such as the lattice shearing from face-
centered cubic austenite unit cells to body-centered tetragonal martensite unit cells and is 
directly related to the typical classification of residual stresses following Macherauch et 
al. [2].  

For the numerical analysis a combination of a Multi-Phase-Field model, see 
Steinbach [3], and a two-scale Finite Element method, see Schröder [4] is applied. In a 
microscopic simulation the lattice change in one austenitic grain is modeled, see Figure 
1a. The resulting eigenstrains are homogenized and applied on a polycrystal structure 
consisting of a certain number of austenitic grains at the mesoscale, see Figure 1b.  

 

a)  b)  c)     
FIGURE 3: a) Laminate structure of martensite and b) initial and c) upset polycrystal. 
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After deformation of the polycrystal, see Figure 1c, representing the upsetting 
process of the macroscopic, cylindrical specimen, the phase transformation from austenite 
to martensite is described with respect to the mesoscale following the principle of 
minimizing the total energy in the system. Afterwards, a two-scale Finite Element 
simulation is applied to take into account plastic behavior and compute resulting residual 
stress states.  

The most important stress component in course of investigating durability or 
strength are the tangential stresses, see Figure 2b. By the enforced boundary conditions 
which are shown in Behrens et al. [1], the radial residual stresses and the stresses with 
respect to height level out on higher scales, cf. Figure 2a+c. Additionally, the equivalent 
plastic strains and the von Mises stress are depicted in Figure 2d+e. 

 

a) b) c)  d)

 e)   
FIGURE 4: a) Radial stresses in MPa, b) tangential stresses in MPa, c) axial stresses in MPa, d) 

equivalent plastic strains and e) von Mises stress in MPa. 
 

For this numerical analysis, which is based on Behrens et al. [1], improved 
material data is applied, such as the martensite start temperature. Thereby, this 
contribution presents new resulting stress distributions, which can be interpreted as 
residual stresses due to the absence of mechanical forces.   
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Abstract 
Application of the material point method to some problems of flow in single and tho-phase media is presented 
in the paper. The employed method is a Lagrangian‒Eulerian formulation of the finite element method and 
allows one to analyse problems with arbitrary large deformations. Some two and three-dimensional examples 
of flows are presented. 
 

1. Introduction 
Processes of flow of granular material and two-phase soil‒water mixture are 

analysed. Such dynamic, large strain problems have been solved by use of the material 
point method (MPM) which was applied successfully to large strain problems of solid 
mechanics, e.g. [3]. The standard finite element method (FEM) formulated in the 
Lagrangian description of motion is not a sufficiently robust tool for analysis of the 
investigated processes due to large mesh distortions which deteriorate the accuracy of the 
approximate solution. A re-meshing technique aided to the Lagrangian approach is not a 
comprehensive remedy to overcome the problem as it needs mapping state variables from 
the distorted mesh to a newly generated one which is an additional source of 
computational inaccuracies. On the other hand, in an Eulerian approach to FEM, the 
problem of free surface is not easy to be solved. In the material point method, state 
variables are traced at a set of points (material points) representing subregions of the 
analysed body on which the region initially representing the body is divided. The state 
variables are calculated by use of a finite element mesh (a computational mesh) which 
can be defined in an arbitrary way which means that mesh distortions are avoided. Due to 
the fact that two kinds of spatial discretisation are used – material points and a 
computational mesh – the method reveals features of an arbitrary Lagrangian–Eulerian 
description of motion which makes the method very flexible in applications. Such 
problems like self-contact of the granular material, flow around obstacles and interaction 
of two material phases like soil and water, are much easier to be solved than in the case 
of other computational methods. 

2. Flow examples 
Gravitational flow of a granular material in a silo has been considered. Finding 

the flow pattern and interactions between the flowing material and silo walls and 
evaluation of flow rate are interesting from the engineering view point. In the analysis, 
the granular material has been treated as a solid body – an elastic– viscoplastic, non-
associative material model with the Drucker–Prager yield condition has been utilised. The 
discharge process of a cylindrical silo has been investigated assuming the silo charged 
eccentrically so that the upper surface of the material is flat and inclined at the beginning 
of the process. The initial (static) fields of the stress tensor and displacement vector has 
been calculated using the dynamic relaxation method by setting appropriately large values 
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for viscosity in the constitutive model of the granular material. Some stages of the 
dynamic process of discharging the silo are shown in Fig. 1. The flow pattern tends to 
become symmetric when the process is advancing. 
 

   

 

FIGURE 1: Flow phases at instants 1, 4 and 10 s. 
 

As another example, the water flow through a porous medium (sand) has been 
investigated. To solve the problem, both the material phases are represented by material 
points separately. The interaction between the liquid and solid is described by Ergun’s 
law [1], an extension of Darcy’s law with a quadratic term. At the beginning of the 
process, water is contained in a reservoir on the left of the fixed sand column as shown in 
Fig. 2; an initial field of stress is assumed to be hydro-static. Three configurations for 
liquid phase are displayed in Fig. 2. 

 

   

 
FIGURE 2: Flow phases at instants 5, 10 and 100 s. 

 

References 
[1] Ergun, S., “Fluid flow through packed column”, Chemical Engineering Progress, Vol. 48, 

1952, pp. 89-94 
[2] Harlow, F., “The particle-in-cell computing method for fluid dynamics”, In: Adler, B., 

Fernbach S., and Rotenberg M. (Eds.), Methods for Computational Physics, Vol. 3, 
Academic Press, New York. 1964 

[3] Więckowski, Z., “The material point method in large strain engineering problems”. Comp. 
Meth. Appl. Mech. Engng., Vol. 193, 2004, pp. 4417-4438 

 
Acknowledgment. The partial financial support from the European Community’s Seventh 
Framework Programme (Marie Skłodowska-Curie Intra European Fellowship) through grant PIEF-
GA-2010-274335 is gratefully acknowledged. 

  



53

10th German-Greek-Polish Symposium 
Recent Advances in Mechanics 
September 15-18, 2019 
Będlewo, POLAND 

   53 
 

CONTINUUM DAMAGE MODEL  
WITH EVOLVING GRADIENT INFLUENCE 

Adam Wosatko 

Faculty of Civil Engineering, Cracow University of Technology, Poland 

 
Abstract 
The gradient damage model with the internal length parameter constant during the strain softening analysis 
gives unrealistically broadened damage zones. An evolution of the gradient activity is needed. The implicit 
gradient enhancement for the scalar damage model is improved via a function of the internal length scale. 
Two different modifications of the averaging equation are discussed. 
 

1. Introduction 
The concept of damage goes back to the late fifties [4] and today is commonly 

applied in mechanics. The continuum damage model in local version leads to material 
instabilities and in the computations a pathological mesh sensitivity of the results is 
observed. This model for concrete simulates cracking as strain localization by means of 
the narrowest band of finite elements allowed by the discretization. It is known that the 
boundary value problem becomes ill-posed without a suitable loca-lization limiter, see 
e.g. [2]. The presence of higher-order terms in the model is desirable. The required 
regularization can be provided by the gradients. The ma-thematical rudiments of this 
approach can be found e.g. in [1], where the Laplacian operator is employed for the 
plasticity theory. The gradient-enhanced damage was firstly derived by Peerlings et al. 
[5]. In the formulation an extra averaging equation is present, hence additional degrees of 
freedom must be included in the discreti-zation. The primary fields are displacements and 
an averaged strain measure. The internal length parameter is introduced via this averaging 
equation, so strain locali-zation in the nonlocal analysis is governed by the limiter, not by 
the discretization. 

2. Gradient damage with transient length scale 
The employment of the gradient damage model in classical version [5] leads to  

the formation of excessively expanded damage zones during the numerical analysis. The 
internal length parameter treated as a function of the gradient activity was firstly 
introduced in [3]. In fact, one more extra continuity equation is required there and it leads 
to a three-field formulation. This approach can be simplified according to [7].  
If the variable internal length scale in the averaging equation is in the denominator then 
two primary fields are maintained, similarly to the conventional model [5].  
The averaging equation then has the form: 

   2 
  

 


                 (1) 

where the averaged strain and its gradient are on the left-hand side, the internal length 
scale is placed in the denominator and it can depend on the equivalent strain measure as 
in [7]. The equivalent strain in the above equation is located on the right-hand side. The 
gradient activity increases together with it. 
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3. Localizing gradient damage  
The damage zone can also be controlled via a reduction of nonlocality. The 

internal length is assumed to decrease exponentially with damage. It  should be emphasized 
that the declining gradient activity seems to be more adequate for cracking phenomena in 
concrete. This type of dependence is present in [6]. The averaging equation contains separated 
gradients in the following way: 
 

 c l                              (2) 
 

The parameter c is related directly to the internal length, and further multiplied 
by an interaction function of damage. Similarly to the formulation presented in the 
previous point – an additional matrix has to be introduced in the tangent operator. 
 

4. Summary  
Both approaches are formulated as a coupled matrix problem and then imple-

mented in the FEAP package [8]. These versions of the gradient damage model, with the 
evolving internal length scale [6, 7], are compared and additionally confronted with the 
conventional model [5]. Tests of a bar with imperfection under one-directional tension 
and bending of a cantilever beam are computed and representative results are shown. 
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Abstract 
Beside journal bearings or rolling bearings also floating ring bearings are used as support especially in high 
speed applications in order to increase the damping. For determination of the vibrational behavior of the 
rotor the non-linear influences of the bearings have to be taken into account in an appropriate way and with 
the necessary modelling depth. In that context the contribution at hand presents an investigation of a full-
floating ring supported Jeffcott rotor. The hydrodynamic pressure distribution at the bearings is calculated 
by solving the Reynolds-equation with consideration of mass-conserving cavitation according to the two-
phase model. Due to the non-linear bearing properties, both unbalance related synchronous oscillations and 
lubricant film induced sub-synchronous rotor vibrations can occur. The aim is to predict the frequency range 
and amplitudes of sub-harmonic vibrations under transient condition and to validate the simulation approach 
with run up measurements. 

1. Introduction 
The support of rotors in turbomachinery is usually realized via hydrodynamic 

bearings. The design of journal bearings comprises a lubricant filled gap bounded by the 
surface of shaft and housing. Due to the relative rotational motion between bearing 
partners, the oil is transported into a narrowing gap, so a hydrodynamic pressure can be 
build-up. The resulting bearing forces act on rotor and realize the support against the 
housing. Floating ring bearings consist of an inner and outer lubrication film, whereby the 
lubricant supply of the inner gap is realized via connecting holes at floating ring, so a 
hydrodynamic pressure occurs at inner and outer film. In comparison to journal bearings 
there is an increased flow rate in rotor systems supported with floating ring bearings, 
which has a positive effect on thermodynamic operating conditions. Advantages of 
hydrodynamic bearings compared to rolling bearings are a simple, inexpensive and 
compact bearing design. Because of the non-existent rolling elements and cage, less noise 
emission occurs and higher rotor speed can be achieved. 

Due to the non-linear bearing properties, both unbalance related synchronous 
rotor vibrations and lubricant- film- induced sub-synchronous oscillations, which are 
known as oil-whirl and oil-whip, can occur. An oil-whirl describes the whirling frequency 
of lubricant and is caused by the circulating oil, which occurs with 0.25-0.5 of rotor speed. 
If an oil-whirl becomes coincident with a current natural frequency of rotor, an oil-whip 
is established [1]. This leads to increased vibration amplitudes, heat generation as well as 
wear and can cause a failure of the rotor. For these reasons, an accurate prediction of oil-
whirl and oil-whip phenomenon is important. The occurrence of subharmonic vibrations 
is influenced by the mass distribution and stiffness of rotor, as well as the damping and 
stiffness behavior of rotor-bearing system, which is affected by kinematics of shaft, 
floating ring and housing, the lubricant properties, thermo-hydrodynamic processes as 
well as the occurrence of cavitation. 

To determine the pressure distribution in the fluid film, the Reynolds-equation is 
solved numerically. This  partial  differential  equation  is  a  simplified representation of 
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Navier-Stokes equation by implementation of journal bearing specific assumptions [2]. 
Furthermore, the consideration of cavitation is unavoidable for a detailed investigation of 
bearing behavior. In the area of divergent lubrication gap tensile stresses occur in the oil 
with the consequence that hydrodynamic pressure is lower than cavitation pressure 
leading to flow ruptures. Gas, which is dissolved in lubricant, passes into a separate phase 
so that both gas and oil are present in lubrication gap and a two phase flow occurs. 

The simplest implementation of cavitation processes is the Half-Sommerfeld 
solution, in which the hydrodynamic pressure does not fall below the cavitation pressure. 
Thus, the Half-Sommerfeld solution is a non-mass-conserving cavitation theory, because 
a full-filled lubrication gap is assumed regardless of operating bearing condition. In the 
contribution at hand, the two-phase model is applied to consider mass-conserving 
cavitation. Based on the law of ideal gases, a balance is made between the dissolved and 
undissolved gas masses in lubricant [3]. The two-phase model has the advantage of taking 
into account already undissolved gas as well as the phase changes between separately 
present and dissolved gas. 

Subject of investigation is the vibration behavior of a full-floating ring supported 
Jeffcott rotor during run-up. Due to the simple rotor design, a detailed investigation of 
bearing behavior can be made. In order to evaluate the run-up simulation, a comparison 
is made with the measurement results of [4]. The criteria are the start and decay of 
subharmonic vibrations and the response frequency of rotor. 

2. Results 
In this section the results of the run-up simulation are investigated. In Fig. 1 a 

comparison of the simulated and measured frequency spectra of the rotor response 
behavior is shown. 
 

 
FIGURE 5: Comparison of rotor response frequency of a Jeffcott-rotor supported in full-floating 

ring bearings at run-up (current simulation results and measurement from [4]). 
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Within the measurements of [4], subharmonic oscillations occur between f = 333-
1033 Hz and f = 1383-2633Hz, whereby the described critical rotor amplitudes can be 
found at second oil-whip. Synchronous resonance is present at a rotor speed of f = 
1133Hz. The simulation results show the synchronous and sub-synchronous oscillations 
in the same speed range like in measurements. The critical rotor oscillations occur in a 
range between f = 1465-2520 Hz. 
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